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Abstract
In this paper, a stable flat cosmological model has been constructed and the evolution
of dark energy has been investigated in the framework of the recently suggested κ(R, T )
gravity. The empirical approach we adopt in the current work reveals some interesting
cosmological features consistent with observations and the standard ΛCDM model. The
evolution of cosmic pressure shows a positive-to-negative transition corresponding to the
cosmic deceleration-acceleration transition, both the deceleration parameter and the cos-
mic pressure have the positive-to-negative sign flipping. While this behavior can provide
explanation for the deceleration-acceleration transition, the reason behind this positive-
negative transition itself is still missing.
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1 Introduction
A very interesting topic in modern cosmology is the accelerating cosmic expansion [1, 2, 3]. This
cosmic acceleration has been a major motivation behind introducing a wide range of modified
gravity theories in order to find a satisfactory explanation to this problem. An exotic form of
energy with negative pressure, named dark energy, has been assumed where its negative pressure
plays the role a repulsive gravity forcing the expansion to accelerate. Several dark energy models
have been suggested constructed mainly through two approaches: dynamical scalar fields [4]-
[10] and modified gravity theories [11]-[20]. In the current work, we are interested in a recently
suggested Non-Lagrangian modified gravity theory based on a natural generalization of Einstein
equations [21]. While the least action principle represents a major tool to build a physical theory,
the gravitational theory introduced in [21] is not based on this principle. The modified Einstein
equations are given as
Gµν − Λgµν = κ(R, T )Tµν , (1)
Where Gµν = Rµν− 12gµνR is the Einstein tensor, Λ is the cosmological constant, gµν is the metric
tensor, Tµν is the energy-momentum tensor. The function κ(R, T ) is a generalization of the
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Einstein gravitational constant which allows exploring the possibility of a running gravitational
constant. This approach implies the non-covariant conservation of the energy-momentum tensor
which happens in other modified gravity theories as well such as Rastall gravity [22] and f(R, T )
gravity [23]. Several models can be explored according to different choices of the function
κ(R, T ). Two particular choices have been studied with their cosmological consequences in [21]:
κ(T ) = 8piG − λT which corresponds to a matter-matter coupling, and κ(R) = 8piG + αR
which corresponds to a matter-curvature coupling. The coupling constants λ and α have been
assumed to be sufficiently small so it can be consistent with a small violation of the covariant
conservation of the energy-momentum tensor. Original general relativity can be recovered when
λ, α→ 0. The modified Friedmann equations in this gravity theory are given as:(
a˙
a
)2
+
1
K2a2
− Λ
3
=
κ(R, T )
3
ρ(t), (2)
a¨
a
=
Λ
3
− κ(R, T )
6
(3p(t) + ρ(t)) . (3)
Where K−1 = 0 for a flat universe.
2 The cosmological model
Considering an homogeneous and isotropic universe filled by a perfect fluid, the energy-momentum
tensor is
Tµν = (p+ ρ)uµuν − pgµν , (4)
Where p, ρ and uµ are the pressure, density and the 4 velocity vector respectively. The FLRW
metric given by
ds2 = −dt2 + a2(t)
[
dr2
1−Kr2 + r
2dθ2 + r2 sin2 θdφ2
]
(5)
where r, θ, φ are comoving spatial coordinates, a(t) is the cosmic scale factor, t is time, K is
either 0, −1 or +1 for flat, open and closed universe respectively. Considering only the spatially
flat case (K = 0) suggested by observations [24, 25, 26], and choosing the function κ(R, T ) as
κ(T ) = 8piG− λT the modified Friedmann equations become [21]:(
a˙
a
)2
=
8piG
3
ρ+
Λ
3
− λρ
3
(ρ− 3p), (6)
a¨
a
= −4piG
3
(3p+ ρ) +
Λ
3
+
λ
6
(ρ− 3p)(ρ+ 3p), (7)
We utilize the following empirical form which produces a deceleration-acceleration cosmic tran-
sition for 0 < n < 1 where the associated deceleration parameter q(t) flips sign from positive to
negative ( Figure 1(a)),
a(t) = A sinhn(ξt) (8)
We get the deceleration and jerk parameters respectively as
q(t) = − a¨a
a˙2
=
−n cosh2(ξt) + 1
n cosh2(ξt)
(9)
2
j(t) =
...
aa2
a˙3
=
−n2 cosh2(ξt) + 3n− 2
n2 cosh2(ξt)
(10)
A possible way to describe models close to ΛCDM is by using the jerk parameter which has
the value j = 1 for flat ΛCDM models [28, 29, 30]. For the current flat model, we can see in
Figure 1(b) that this parameter has the asymptotic value j = 1 at late-time. So, in addition to
the observationally accepted behavior of q(t), the evolution of j(t) provides another support for
the ansatz (8). This hyperbolic solution also appears in different cosmological contexts where
good agreement with observations has been obtained such as Bianchi cosmological models [36],
quintessence cosmology [37], scalar field cosmology in modified f(R) gravity [38], evolution of
dark energy in Chern-Simons modified gravity [40]. It has been shown in [39] that a stable flat
entropy-corrected cosmology can be obtained through this ansatz. It has been stated in [37] that
the main motivation behind using such hyperbolic ansatz is its consistency with observations.
Solving (6) and (7) using (8), we get the expressions for the cosmic pressure and density as
p(t) =
5
((
ξ2 − 4
5
Λ
)
e2 ξt − 3
10
(
e4 ξt + 1
) (
ξ2 − 4
3
Λ
)) (
4pi +
√
λ (−3 ξ2 + 4 Λ) + 16 pi2
)
6λ
(
ξ2 − 4
3
Λ
)
(eξt + 1)2 (eξt − 1)2 (11)
ρ(t) =
(3 ξ2l2 − 4 l2Λ + 4Λ)(32 pip(t) l2 + 3 ξ2l2 − 4 l2Λ− 32pip(t)− 4 ξ2 + 4Λ)
48λ p(t) (l − 1)2 (l + 1)2 (ξ2 − 4
3
Λ)
(12)
Where l = cosh(ξt). The expression for the equation of state parameter is obtained directly
as ω = p(t)
ρ(t)
. Figure 1(c) shows the physically accepted behavior of the energy density where
ρ(t)→∞ as t→ 0. The evolution of cosmic pressure (Figure 1(d)) shows a sign flipping from
positive in the early-time decelerating epoch to negative in the late-time accelerating epoch
without ”‘pressure singularity”’. Such behavior of cosmic pressure in the current κ(R, T ) gravity
cosmological model is consistent with the ”‘dark energy”’ DE assumption where the negative
pressure acts as a repulsive gravity forces the expansion to accelerate. It is also believed that the
early universe was dominated by positive pressure where the cosmic expansion was decelerating.
So, both the deceleration parameter and the cosmic pressure have the positive-to-negative sign
flipping. Figure 1(e) shows that the evolution of the equation of state parameter EoS with cosmic
time is a decreasing fuction restricted to the range −1 < q < 1
3
. It starts from ' 1
3
(radiation-like
epoch) and then crosses the zero (dust epoch ω = 0) to the negative domain. It finally reaches
the current dark energy-dominated epoch at −1 without crossing this cosmological constant
boundary (phantom divide line) at ω = −1 to the phantom era (ω < −1), i.e. no Quintom
behavior. Quintom is a dynamical model of dark energy where ω(t) can smoothly cross over
ω = −1 which is favored by observations [31]. Since observations show that ω is roughly equal
to −1, the current accelerated universe could be in the cosmological constant era (ω = −1),
quintessence era (−1 < ω < −1/3) or phantom era (ω < −1). Many authors investigated
whether DE can evolve to the phantom era or not. It has been argued in [32] that if the DE
transition from ω ≥ −1 in the close past to ω < −1 at the current era has been confirmed
by observations, then such transition can not be explained by the classical dynamics described
by an effective scalar field Lagrangian. This transition can be allowed when more complicated
physics is considered [33, 34, 35]. The EoS parameter ω is equal to −1 for the current dark
3
energy-dominated epoch with redshift z ' 0. Using a = 1
1+z
, we obtain the following expression
for ω(z)
ω(z) = −128
9
f(z)
g(z)
, (13)
Where
f(z) = (1 +
1
2
r2 + r l) r4(l − 1)2(ξ2r2 − 3ξ2 + 4Λ)(l + 1)2 ×
(pi +
1
4
√
λ(−3ξ2 + 4Λ) + 16pi2)2,
g(z) = (ξ2r2 + ξ2 − 4
2
Λ)(1− r(l − 1))2(1 + r(l + 1))2 ×
(ξ2 − 32
3
pi2 − 8
3
pi
√
λ(−3ξ2 + 4Λ) + 16pi2 − 4
3
Λλ),
Where r = A2(1 + z)2 and l =
√(
1+r2
r2
)
. Figure 1(e) shows that for the current model ω(z '
0) ' −1 for ξ = 1, A = 0.1, λ = 0.1 and Λ = 0.01. So, we have used these values in all plots.
We can also see that for the early Universe (z → ∞) we get ω(z → ∞) ' 1
3
i.e. a radiation
dominated universe which is the same analysis we get from the evolution of ω(t).
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(a) q (b) j (c) ρ(t)
(d) p(t) (e) ω(t) (f) ω(z)
(g) Classical EC (h) Nonlinear EC (i) v2s
Figure 1: 1(a) The deceleration parameter q flips sign from positive (decelerating phase) to
negative (accelerating phase) for 0 < n < 1. For n = 1
2
we get −1 < q < 1 .1(b) The jerk
parameter has the asymptotic value j = 1 at late-times where the present model tends to a flat
ΛCDM model. 1(c) The physical accepted behavior of the energy density. 1(d) The cosmic
pressure also flips sign from positive in the early time decelerating era to negative in the late time
accelerating era. 1(e) The evolution of EoS patrameter with cosmic time. 1(f) The evolution of
EoS parameter with the redshift where ω → −1 as z → 0. The rest of figures show the stability
conditions. Here we have chosen n = 1
2
, λ = 0.1, Λ = 0.01, A = 0.1 and ξ = 1.
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3 Stability of the model
In this section we test the stability of the current through the classical linear energy conditions
[41, 42] and the sound speed. In addition, and because of the existence of quadratic energy
density terms in the cosmological equations, we also test the validity of the ew nonlinear energy
conditions (ECs) [43, 44, 45, 46]. The classical linear ECs (namely, the null ρ + p ≥ 0; weak
ρ ≥ 0, ρ+ p ≥ 0; strong ρ+ 3p ≥ 0 and dominant ρ ≥ |p| energy conditions) should be replaced
by other nonlinear ECs in the presence of semi-classical quantum effects [43, 46]. Moreover, in
completely general situations the ECs can not be still valid and then such conditions can’t be
considered as fundamental physics [50, 51]. The nonlinear ECs we consider here are (i) The
flux energy condition (FEC): ρ2 ≥ p2i [44, 45]. (ii) The determinant energy condition (DETEC):
ρ.Πpi ≥ 0 [46]. (iii) The trace-of-square energy condition (TOSEC): ρ2 +
∑
p2i ≥ 0 [46].
The strong EC (ρ+ 3p ≥ 0) represents a strong restriction on gravity where ’it should
always be attractive’. However, it has been indicated that such strong EC fails even in the
classical regime when describing the current cosmic accelerating era (assumed to be dominated
by negative pressure which represents a repulsive gravity) and during inflation [47, 48, 49].
Since negative pressure dominates the late-time epoch in the present model, we don’t expect
the strong EC to be satisfied in the late-time era. This can be seen in Figure 1(g) where the
strong EC is invalid during the late-time DE dominated era. The dominant EC represents the
condition that energy density should be non-negative, Figure 1(g) shows that this condition is
always satisfied. The same figure also shows that the weak EC is also valid all the time. The
nonlinear ECs have been plotted in Figure 1(h) which shows that the flux EC and the trace-
of-square EC are always valid all the time while the determinant EC is violated in late-time.
Since causality requires that sound speed v must be less than the speed of light c, then in the
relativistic units (c = G = 1) the condition 0 ≤ dp
dρ
≤ 1 should be always satisfied where dp
dρ
= v2s
is the adiabatic square sound speed. For the current model we have
v2s = −
f1(t)
13(eξt − 1)3(eξt + 1)3g1(t) . (14)
Where
f1(t) =
(
(−10
3
ξ2 +
8
3
Λ)e2ξt + (ξ2 − 4
3
Λ)(e4ξt + 1)
)2
(cosh(ξt) + 1)3(cosh(ξt)− 1)3e2ξt(15)
× (4pi +
√
λ(−3ξ2 + 4Λ) + 16pi2)2(e2ξt + 1),
6
g1(t) = −236
39
(
−30
59
(ξ2 − 4
5
Λ)(ξ2 − 4
3
Λ)(e2ξt − e6ξt) + (b4 − 104
59
Λξ2 +
48
59
Λ2)e4ξt +
9
118
(ξ2 − 4
3
Λ)2(e8ξt+1)
)
×pi (l + 1) l (l − 1) s
√
λ (−3 ξ2 + 4 Λ) + 16 pi2 − 3
13
(ξ2 − 4
3
Λ)e2ξt ×(
λ (ξ2 − 4
3
Λ)2l6 − 7
3
λ (ξ2 − 4
3
Λ)(ξ2 − 12 Λ
7
)l4 +
8
3
(
4
3
Λ2λ+ (−7
3
ξ2λ+ 16 pi2)Λ + ξ4λ− 20 pi2ξ2)sl3
+
4
3
λ (ξ4 − 14
3
Λ ξ2 + 4 Λ2)l2 − 16
3
(
2
3
Λ2λ+ (−5
3
ξ2λ+ 8 pi2)Λ + ξ4λ− 10 pi2ξ2)sl + 16 Λλ (ξ
2 − Λ)
9
)
+
3
13
(
λ (ξ2 − 4
3
Λ)2l6 − 7
3
λ (ξ2 − 4
3
Λ)(ξ2 − 12 Λ
7
)l4 − 8
3
(
4
3
Λ2λ+ (−7
3
ξ2λ+ 16 pi2)Λ + ξ4λ− 20 pi2ξ2)sl3
4
3
λ (ξ4 − 14
3
Λ ξ2 + 4 Λ2)l2 +
16
3
(2/3 Λ2λ+ (−5
3
ξ2λ+ 8 pi2)Λ + ξ4λ− 10 pi2ξ2)sl + 16 Λλ (ξ
2 − Λ)
9
)
×
(
ξ2 − 4
3
Λ
)
e6 ξt + sl
(
eξt((−64 Λ
3λ
39
+ (
496 ξ2λ
117
− 256pi
2
13
)Λ2 + (−140 ξ
4λ
39
+
128pi2ξ2
3
)Λ +
ξ6λ− 944 ξ
4pi2
39
)l2 +
64 Λ3λ
39
+ (
256pi2
13
− 640 ξ
2λ
117
)Λ2 + (
76 ξ4λ
13
− 128pi
2ξ2
3
)Λ− 2 ξ6λ+ 944 ξ
4pi2
39
)
+
1
26
(3 (ξ2λ− 16pi2 − 4
3
Λλ)l2 − 6 ξ2λ+ 48 pi2 + 4 Λλ)(ξ2 − 4
3
Λ)2(e8 ξt + 1)
)
Where l = cosh(ξt) and s = sinh(ξt). Figure 1(i) shows that this stability condition is satisfied
in early and late time.
4 Conclusion
κ(R, T ) is a recently suggested Non-Lagrangian modified theory of gravity based on a natural
generalization of Einstein equations. In this paper, we have adopted an empirical approach and
constructed a stable flat cosmological model in agood agreement with observations. A basic
interesting feature in the current model is the sign flipping in the behavior of cosmic pressure
from positive in the early decelerating epoch to negative in the late accelerating epoch which
agrees with the dark energy assumption. The evolution of dark energy with cosmic time and
with redshift has been studied where there is no crossing to the cosmological constant boundary.
The stability of the model has been tested through classical energy conditions, non-linear energy
conditions, and the sound speed.
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